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Abstract: In this note we examine the question of expressing the determinant of the push 
forward of a symmetric line bundle on an abelian fibration in terms of the pull back of the 

^ ' 

r*** ' relative dualizing sheaf via the zero section. 

o : 

Introduction. 

: 

Let f : X — ► B be a fibration of abelian varieties with a zero section s : B — ► X. Let C be 
a symmetric line bundle on X, trivialized along the zero section, which defines a polarization 
& ■ of type D = (d\, . . . ,d g ) on the fibration. A theorem of Faltings-Chai, see Theorem 5.1 in 



Ch. 1 of p], gives the following expression of the determinant of the push forward of the line 



bundle C in terms of the pull back s*ujx/b °f the- relative dualizing sheaf of the family: 

> 



8ci 3 detf*£ = -4d 4 s*u; x/B , 
where d := d\ ■ ■ ■ d g . 

In this note we show that in the complex analytic category, the above torsion factor can 
be improved. More specifically, we have 

Theorem A Let f : X — > B be a fibration of complex abelian varieties of relative dimension 
g and s its zero section. Let C be a symmetric line bundle on X, trivialized along the zero 
section, which defines a polarization of type D = (d\, . . . , dg), where d±\ . . . \d g are positive 
integers. Let d = d\ ■ ■ ■ d g , then 

8detf*£ = —Ads*uJx/Bi 
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except when 3\d g and gcd(3,d g _i) = 1, in which case we have that 

24detf*£ = — 12ds*u>x/B- 

Moreover, when C is totally symmetric i.e. £ is fiberwise the square of a symmetric line 
bundle, we have 

Theorem B Let f : X — ► B be a fibration of complex abelian varieties of relative dimension 
g > 3 and s its zero section. Let C be a totally symmetric line bundle on X, trivialized along 
the zero section, which defines a polarization of type D = (d\, . . . ,d g ), where d%\ . . . \d g are 
positive even integers. Let d = d\ ■ ■ ■ d g , then 

d 

- i 

2' 



detf*£ = —-s*ujx/b-> 



except when 3\d g and gcd(3,d g ~i) = 1, in which case we have that 

3detf„X = — 3— s*ujx/b- 
The theorems are proved by using a "higher rank" version of the Theta Transformation 



Formula, see Propositions 1.1 and 1.2, in order to construct transition functions for detf*(£), 
see Lemma [2.1| . 

At the end, we apply Theorem [B] to the case of the universal Jacobian variety f 9 _i : 
J g ~ l — ► M g . This is an abelian torsor which parametrizes line bundles of degree g — 1 on 
the fibers of the universal curve, where M g denotes the moduli space of smooth, irreducible 
curves of genus g > 3, without automorphisms. On that we have a canonical theta divisor 
defined by the push forward of the universal symmetric product of degree g — 1, via the 
Abel-Jacobi map. We denote by the corresponding line bundle and by A the determinant 
of the Hodge bundle of the universal curve i\) : C — ► M g , i.e. A = det ip*Uc/M g ■ We then 
have 

Theorem C Keeping the above notation, we have that 

detf 9 _i*(e® n ) = ^(n-l)A. 

We also give an alternative way of proving Theorem P by utilizing special properties of the 
universal Jacobian varieties. 

Acknowledgment. I would like to thank Professor L. Moret-Bailly for showing me the 
alternative way for proving Theorem |C|. 
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1 Abelian varieties and theta functions. 



We begin by recalling some standard theory for abelian varieties and theta functions. The 
main reference we follow is the book by Lange and Birkenhake We also keep (most of) 
the notation of that book. We denote by X = V/ A an abelian variety, V is a C- vector space 
of dimension g and A a 2g-full lattice in V . 

1.1 Line bundles on abelian varieties. 

On the abelian variety X = V/A, a line bundle is given, up to isomorphy, by data (H,x), 
where if is a hermitian form on V s.t. Imi?(A, A) C Z and x '■ A — * C± a semicharacter. 
The isomorphy class of line bundles on X given by the above data is denoted by L(H, x), see 
Ch.2, &2 in (§. 

Let (f> : X' = V'/A' — > X = V/A he a map of abelian varieties. To that one can 
associate two maps, namely the analytic representation <p a : V — > V and the rational 
representation <p r : A' — > A, see Ch. 1, &;2 in Jl. If <j) is a map of abelian varieties as above, 
then 4>*L{H,x)=L{4>* a H,4>*x). 

1.2 Decomposition of V - Characteristics. 



Given a hermitian form H as in Section 1.1, there is a base < Ai, . . . , A„ ; A 9 +i, • • • , ^2q > of 



A, w.r.t. which ImH is given by a matrix of the form ^ ^ ^ j , where D is an integral 

diagonal matrix with elements di \ . . . \d g . Such a base is called a symplectic base for H. When 
the matrix D can be chosen to be the identity, then H is called a principal polarization of X. 

Let Ai be the lattice spanned by the first g vectors and A2 the lattice spanned by the last 
g vectors. If A £ A, we write A = Ai + A2 for the corresponding decomposition of A. Then V, 
viewed as an R- vector space, decomposes as V = V\ ® V2, where Vi = Aj <8>R; we call that one 
decomposition of V for H. If v € V, we write v = v\ + V2 for the corresponding decomposition 
of v. We denote by E := Im.H the alternating form associated to H and by B the symmetric 
form on V which is the C-bilinear extension of the symmetric form H | V2 x V2, see Lemma 2.1 
of Ch.3 in §. We define A(H) := {v £ V;lmH(v,A) C Z}. Then A(H) = A(iJ)i ffi A(H) 2 , 
where A(H)i := A(H) n VJ. 

We denote by Pic H (X) the group of line bundles, up to isomorphy, corresponding to the 
Hermitian form H. After choosing a decomposition of V for H , we define in Pic^(X) a 
distinguished isomorphy class of line bundles, denoted by Lq = L(H, xo), by setting xo(A) = 
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e(iriE(\i, A2)). If L(H, x) is any other element of Pic (A), then there exists a c G V, unique 
up to translations by elements of A(iJ), s.t. L(.ff, x) = T*L(H, xo)> where T c is the translation 
map by c on X. Note that if L(H,x) is of characteristic c then x(A) = xo(A)e(27ri£'(c, A)), 
see Ch.3, kl in §. 

1.3 Canonical - Classical factor of automorphy. 

A factor of automorphy is a holomorphic map / : A x V — > C x satisfying the condition 
/(A1+A2, v) = /(Ai, A2+w)/(A2, v ). Two factors of automorphy / and / are called equivalent 
iff there is a holomorphic function h : V — > C x satisfying f'(\,v) = f(X,v)h(v)h(v + A) -1 . 
We use the notation /' = / * /i to indicate the above situation. 

Let L(H, x) be an isomorphy class of line bundles on X. We define the canonical factor 
of automorphy ct(H,x) : A x F — ► C x by 

a (H , x ) (A, v) := X (A) e(nH(v, A) + |tf (A, A)). 

We define the classical factor of automorphy &(h,x) : A x F — ► C x by 

e (HtX) (X, v) := X (A) e(ir(H - B)(v, A) + ^(H - B)(X, A)). 

We have that e(# iX )(A, v) = a(jy jX )(A, v) e(^B(v , v)) e(^B(v + A, f + A))^ 1 . This shows that 
the above factors are equivalent. When the semicharacter is the xo i- e - the characteristic is 
0, we simplify the notation for the above factors of automorphy to an and en- 

1.4 Period matrices. 

Let X = V/A be an abelian variety and H a polarization of type D. We choose a symplectic 
base < Ai, . . . , X g ; A ff +i, . . . , A2 9 > of A for H. Since < A g+ i, . . . , X2 g > is a C-base of V, there 
exists a unique g x 2g matrix LT of the form LT = (Z, D), where Z E fj g , with < Ai, . . . , X g > = 
< A g _|_i, . . . , X2 g > Z. We call II the period matrix of X corresponding to the above choice of 
a symplectic base. Therefore to the triple (X, H,< X±, . . . , X g ; A 9+ i, . . . , X2 g >) corresponds 
an element Z G t) g . Conversely, given Z G i} g , let A z := (Z,D)Z 29 . Define X z := C 9 /A z . 
Let Hz be the Hermitian form with matrix (ImZ) -1 w.r.t. the standard base of C 9 . This 
one defines then a polarization on X z of type D. Let Aj be the vector corresponding to the i- 
column of the matrix (Z, D). Then < Ai, . . . , X g ; A s +i, . . . , A2 9 > turns out to be a symplectic 
base for Hz- Therefore to Z G f) g corresponds a triple (X, Hz, < Ai, . . . , X g ; A s +i, . . . , A2 9 >) 
and the two constructions are inverse to each other. 
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1.5 Canonical - Classical theta functions. 



Let f : A x V — ► C x be a factor of automorphy. A theta function corresponding to / is a 
holomorphic function 8 : V — ► C satisfying the functional equation 8(X + v) = f(X,v)9(v). 
Let L(H, x) be of characteristic c. Theta functions corresponding to the canonical (resp. 
classical) factor of automorphy am,x) (resp. £(h,x)) are cane d canonical (resp. classical) 
theta functions for L(H,x)- After choosing a decomposition of V for H, we define 

e(-7rH(v, c) - ~H(c, c) + ^B(v + c,v + c)) £ e(vr(tf - B)(v + c, Ax) - ^(H - B)(X U Ai)). 

AieAi 

We have the following facts, see Ch. 3, &2 in Q. 

1. 9q is a canonical theta function for L(H,x)- By the definition we deduce that 6q(v) = 
e(-7rH(v, c) - \H{c, c))6(v + c). 

2. Let0£(u) := a^ Hx ^{w, v)~ l 9q(v+w), where w G K(H) :=A(H)/A. This is well defined 
and it is also a canonical theta function for L{H,x)- 

3. The set < 6^; w £ K{H)\ := A(iT)i/Ai > forms a base of the canonical theta functions 
for L(H, X )- 

Let Z G fjo ■ We denote by the isomorphism of R- vector spaces jz '■ K 2fl — ► C 9 which 
sends i h (Z,1)i. Let A/? denote the lattice Z 9 © DZ 9 in R 29 and A^ := jz(Ao) the 
corresponding lattice in C 9 . Given v G C 9 , we can write uniquely v = Zv l + v 2 , with v l G M 9 . 
We then have that A G A^ can be written uniquely in the form A = ZX 1 + A 2 with A 1 G Z 9 
and A 2 G L>Z 9 

Let now L(H,x), where H = Hz is a polarization of type D, be an isomorphy class of 
line bundles of characteristic c. We have the following facts (most of them can be found in 
Ch. 8, &5 in the rest is straight forward calculation): 

1. H(v,w) = t v (ImZ) -1 w, B(v,w) = t v (ImZ) -1 w. 
(H — B)(v,w) = —2i t vw 1 , E(v,w) = t v 1 w 2 — t v 2 w 1 . 

2. e H (X,v) = e(-iri t X 1 ZX 1 - 2m t v\ 1 ). 

a H (X, v) = e{m t X 1 X 2 + n t v(lmZ)- 1 X + § ^(ImZ)- 1 *). 
It is en = Off * h, with h(v) = e(| t v(ImZ)~ 1 v). 
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3. Let Id denote the group Id := © . . . I^ g . 

A(H)x = {Zv 1 | v 1 G D- 1 !?}, A{H) 2 = {v 2 \ v 2 G IP}. 
K{H) 1 ^D- 1 Z D , K(H) 2 ^Z D . 

-X 



4. Let c = Zc 1 + c 2 . Then 



(u, Z) := e(—^B(v,v) + iri c c ) Oq(v) is a classical 



theta function for L(H, \). We have 



(v,Z)= e(vri'(A 1 + c 1 )Z(A 1 + c 1 ) + 27ri t (i; + c 2 )(A 1 + c 1 ) 



5. Let c = Zc 1 + c 2 e C 9 and u> = Zw 1 + w 2 G A(JT). Then 



c 1 + u; 1 



a) ^ (T;,Z)=e(-fi?(T;, W )+ m V C 2 )0^ 1 ( V ) 

b) 6 C+W {v) = e(-m t w 1 c 2 + ni t c 1 w 2 + vri t w l w 2 ) 6 c w {v). 

<0 WW = ^W' 



d) 



c 1 + it; 1 

c 2 + Ul 2 



(v, Z) = e(2-ni t c 1 w 2 + 27rz t w 1 w 2y 



c 1 + w 1 



6. The set < 



c 1 + D 1 m 



m G Z£> > is a base for classical theta functions for 



L(i7, x), where c = Zc + c is the characteristic of L(H, x)- 



1.6 Action of the symplectic group. 

Let D denote a polarization type. Let I?d := {R G M2 fl (Z), i? 



D 
-£> 



D 
-£> 



-i 



Let G D := {M G Sp 



2 9 Wi 



M 



J^^j R I ^ j , for some i? G Td}. Note that 



for = [ _ f ] € Tn and M = ( a f ] G Gn defined as above , we have 
V T A / V 7 6 ) 



a = A, 13 = BD, 7 = D~ l T, 5 = D~ l AD. 



The group Gd is characterized as Go = {M G Sp 2 „(Q), 1 MAd C A/)}. The group 



a /3 



G Gd', we define 



2s V 

Gd acts on fj g as follows, see Ch. 8, & 1 in §. Let M - ^ . 

M(Z) := (aZ + f3D)(jZ + . Two abelian varieties and of type D are isomorphic 
iff the matrices Z and Z lie in the same orbit under the above action i.e. Z' = M(Z). The 
isomorphism is given by 4>(M) : Xz — ► XmIZ) s.t. the corresponding map 4>(M) r : — > 
Am(z) nas matrix R = t M~ 1 w.r.t. the canonical symplectic bases defined by Z and M(Z). 
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It turns out that the map (f>(M) a : C 9 — > C 9 has matrix A" 1 , where A = t (^Z + 5), w.r.t. 
the standard base of C 9 . In addition, <j)(M)*H M ( Z ) = Hz- We therefore have the following 
diagram 



C 9 X z 



4>(M)r 



4>(M)„ 



4>(M) (1) 



R 2g JM1Z± c g . X M[Z) 

Define Mz(v) := A~ x v (= cf>(M) a {v)). We then have that the action of Gd on t) g , lifts to 
an action on C 9 x fj ff by defining M(v, Z) := (Mz(v), M(Z)). Over the space \) g there exists a 
universal family Xd — ► i) g with fiber over Z to be the abelian variety Xz- This is defined as 
follows. A D = Z 9 © D1 9 acts on C 9 x \} g by n(t>, Z) = (v + jz(n), Z). This action is free and 
properly discontinuous and the quotient space is Xd- The above action of Go on C 9 x 
descents to an action on Xd- 

1.7 Factors of automorphy and line bundles - Sections and theta functions. 

Let 7r : V — ► X denote the canonical map. A factor of automorphy / : A x V — > C x 
gives rise to a line bundle on X as follows: Take the action of A on V x C defined by 
A (v, z) := (v + A, /(A, v)z). We then define L to be the quotient space of V x C under this 
action. 

We can also find transition functions for this line bundle: Take a covering X = L) a U a of X 
such that the preimage of each U a under the map n to be a disjoint union of sets isomorphic to 
U a . For each a, we choose one of those lifts, say W a , and let n a : W a ^ U a be the restriction 
of the map it. Define w a (x) := ir^ 1 (x) € W a . For any a, b with U ab := U a n U b / 0, there 
is a unique \ a f, € A satisfying A a f, := wj,(x) — w a (x) for all x € U ab . In that way we get 
an identification of W a H 7r~ 1 (U ab ) with W b fl ir~ 1 (U ab ). Define now holomorphic functions 
9ab '■ U ab — > C x given by g a b(%) '■= f(^ab,w a (x)), which satisfy the cocycle condition for 
transition functions. Let L tr := \_\ a U a x C/ ~, where (x a ,z a ) ~ (x^,^) iff x a = x = x& 
and z& = g a b( x ) z aj be the standard construction of a line bundle by its transition functions. 
There is an isomorphism of L tr with L given by L tr 3 (x a ,z) i— > [w a (x a ), z] £ L with 
inverse L 3 [v,z] (x a = ir(v),f(v - w a (x a ),w a {x a ))~ 1 z) G L' r . In that way the g ab 's 
become transition functions of L w.r.t. the trivialization induced by composing the natural 
trivializations of L tr with the above defined inverse map. Note that by making different 
choices of the liftings W a of U a in the above, we get equivalent transition functions. 
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Let / and / be equivalent factors of automorphy satisfying / (X,v) = f(X,v)h(v)h(v + 
A) -1 , where h : V — ► C x holomorphic. By fixing the above covering data we define h a : 
U a — > C x by h a (x a ) := h(w a (x a )). The line bundles L and L' corresponding to the above 
factors of automorphy are then isomorphic and their transition functions (constructed as 
above w.r.t. the common fixed covering data) satisfy g' ab {x) = g a b{ x ) ■ There is also 
a canonical choice of isomorphism : L — ► L : By viewing the line bundles as quotient 
spaces, via the action of the lattice, the isomorphism is defined by [v,z] t— > [v, h{v)- l z\. By 
viewing the line bundles as quotient spaces, via their transition functions and the above 
identification, the isomorphism is defined by sending (x a ,z a ) t— > {x a ,h a {x a )~ 1 z a ) . 

Let 4> : X — > X be a map of abelian varieties. If / is a factor of automorphy for X, we 
denote by <p* f the factor of automorphy for X given by (4> r x <p a )*f- If L is the line bundle 
on X corresponding to / then <p*L is the line bunlde on X' corresponding to (j)* f. If 9 is a 
theta function for the factor of automorphy / then (j>*6 (or <j?9 in a simplified notation) is a 
theta function for the factor of automorphy 4>*f. 

Sections of the line bundle L given by the factor of automorphy /, correspond to theta 
functions 9 : V — > C satisfying the functional equation 9(X + v) = f(X,v)9(v). The relation 
is the following. Given a section s of L, let s(x) = [v s (x), z s (x)] (we view L as a quotient 
space given by the action of the lattice corresponding to /). We then define 9 s (v) := f(v — 
v s (x),v s (x)) z s (x). It turns out that this is a well defined theta function for the factor of 
automorphy /. Conversely, given a theta function 9 for /, we define s(x) := [v(x),9(v(x))}, 
where v(x) an arbitrary vector which lies over x. This is also well defined and the two 
processes are inverse to each other. 



If / = / * h as in Section 1.7 and ^ : L — > L the canonical choice of isomorphism as 
in Section L7 above, then given a section s G H°(X, L') corresponding to the theta function 
9 g /, we have that s := G H°(X,L) corresponds to the theta function 9 S := h(v)9ji(v). 

1.8 Theta transformation formulas. 

Let Xz be an abelian variety with a line bundle L(Hz,x) which defines a polarization Hz 
on Xz ■ We denote by c the characteristic of L. Let M G Gd as in Section |l.6| and 
define Z' = M(Z). Let V = ip(M) : X z > — > X z be the inverse of the map <j) = 4>{M) : 
Xz — > X z > defined in Section |l.6| . Then the line bundle ip*L(Hz,x) nas tyP e 4>*Hz = H z > , 
semicharacter \ = vp*x and characteristic M[c] with M[c] x = 5c 1 — 7c 2 + ^(Dj t 5)o and 
M[c} 2 = -Pc l +ac 2 + i(a*/3) , see Lemma 4.1 of Ch. II in [|J], where there is an unfortunate 
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omission of D in the expression of M[c] x (The ( )o stands for the diagonal vector of the 
matrix) . 

Lemma 1.1 We have that i/j*e^ z ^ = e^ H / ^ *h^, where h^(v) = e(iri t v( , yZ + 5) ^v). 
Also, <\>*e, H ; /•) = e(H z ,x) * h> where h(v) = e(—7:i t v('yZ + 5)~ 1, yv). 

Proof. We have that cl(h z , x ) = e(H z ,x) where = e(—^ t v(lm.Z)~ 1 v), see Section 



14 By applying ip* we get that i>*a {Hz ^ = ^*e (Hz x) *i/)*hi. Since ij)*a^ Hz ^ = a^ H ^ 



and ; ^ = e, H t ^\ ★ /i l5 where h 1 (v ) = e(— \ l v (ImZ) _1 w ), we get that h^(v) = 
h\{v) i.e. h^(v) = e(f 'w(ImZ)" 1 ?; - § V(ImZ')" 1 ^), where 1/ := <j) a (v). A 
formula given in the proof of Proposition 6.1, Ch. 8 in Q (or a straight forward calculation), 
implies the above form for h^. To prove the second formula, we apply <p* to the first one. 

□ 

The tuple B :=< G c ZD _ lm {v) ; m € "Ld > forms a base of the canonical theta functions 
for L(Hz,x) an d the tuple B z : = < 0^5^ ! (v) ! " £ Z^D > forms a base of the canonical 



theta functions for L(H Z > ,x)- Since ip* L(Hz,x) = L(H z t,x) and V*a(H z ,x) 



o, 



we get that ip*B z :=< (v) ; m G Z/) > forms also a base of the canonical theta 



4 (^',x')' 

, . .ill- m £1 ™ 1-, *""«■«. TATtn < i I c< /- \ o <"\t + In r> n -n r~\-m r 

functions for L(H Z ',x )■ There is then an invertible complex matrix C relating tjj*B z with 
the base B z . 

Proposition 1.1 Keeping the above notation, let we assume that the characteristic c G 
^A(Hz)- We then have that the matrix C with ip*B z = C B z is of the form C = (det(7Z + 
<5))~2 Cm, where Cm is a matrix depending on M with detCM = Cs, except when 3\d g and 
(dg-i,3) = 1, in which case we have detCM = C24 (here by Q m we denote an m-root of unity). 

Proof. Let G^ := G D nSp 2g (Z). A matrix M belongs to G 1 ^ if M = (* ^ R ^ ^ ^ , 

where R= ^ ^ a) EFd with T = DI>1 ' Tl G Let therefore define P D : = i R = 

( A B" 



T A 



eT D with T = DTi, T 1 E M g (Z)}. We have the following lemma: 



Lemma 1.2 The group is generated by Fjj and the matrix J := ( ^ ^ j and 



therefore the group Gd is generated by G l ff and the matrix ( j^-i q 
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Proof. For the proof we use results from Q. We have seen that K(D) = D ^o^Zfl. A ma- 
trix R G Td defines an action on K(D) given by multiplication by ^ ^ l R ^ ^ ^ ^ 
By using the identification K(D) = Zd ®Zd via the isomorphism D~ 1 Zd ®Zd — > Zd ®Zd 
given by the matrix ^ j ^ ' ^ ne ac ti° n of a matrix R G on K{D) = Zd ® Zd is given 

by multiplication by D t RD^ 1 , where D := ^ ^ ^ ^ . One can define on K(D) an alternat- 
ing form e D , see [Q], 0, and the above action becomes a symplectic action with respect to 
that form. We denote the symplectic group (w.r.t. e D ) of K(D) 9* Z D Z D by Sp(L>). We 
then have an exact sequence 

o — ► r D (D) — » r fl Sp(D) — > o, 

where vr(i?) := D t RD^ 1 and r D (Z)) := G r D | i? = / + ^ G M 2s (Z)} (that the 
sequence is exact on the right it is proven in [^). Note that Td{D) C T^*. Therefore it is 
enough to show that every element of Sp(-D) has a lift to an element of Td which is a product 
of the matrix J and elements of P^f . 

Following the notation of we have that A G Ld iff D t AD~ 1 G Td, where Ld is 
defined in Section 2 of Q. A matrix A G Ld acts on K(D) by multiplication. In the proof 
of Theorem 2 of 0, it is shown that a matrix A G Sp(-D) has a lift isLc which satisfies a 
relation of the form 

( I \( a Dy\ ( Ut \( I h \ 7 = ( I h\ 
{ Cl I )[ -D d j[ U 2 )[ I ) A V 07 /' 

where y is an integral diagonal matrix and all the matrices belong to Ld- The inverse of 

( a b \ - ( t d — t b \ - 

a matrix I I in Ld belongs to Ld and is given by D I t t I D^ 1 . Therefore 



A has a lift R in Td which is given by R = D l AD . By observing now that 



/ 

c / 



J ( ^ _ C j J J, we conclude that R = (JN 1 J)N 2 N 3 N 4 {JN 5 J), where N { G T 1 ^. This 
proves the lemma. 

□ 

As in H, we can rewrite the formula we want to prove in the form 



< G c ZD - lm {v, Z) ; m G Z D > J dv\ A ... A cfo s = 

= C M < Z') ;n£Z D > yjdv[ A...Adv' g . 
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where v = \-fZ + d^v and Z' = (aZ + p){-fZ + fl) -1 . Note that if c € \^{H Z ) then 
M[c] € |A(if^/). We conclude that if the formula holds for M\, M2 £ Gfl then it also holds 
for M\Mi- It is enough therefore to verify the formula for matrices in the generators. We 
express the formula we want to prove in terms of classical theta functions by using Lemma 



1.1 and the formulas in Section 1.5. It becomes 



< 



c 1 + D~ x m 
„2 



(v, Z) ; m GZfl >= e(— iri t v(jZ + 8) lr yv) 
e(-vri t M[c] 1 M[c] 2 + vri *c 1 c 2 )(det( 7 Z + Cm <# 



M[c] x + D" 1 n 
MM 2 



(2) 

(V ,Z') ;neZ D >. 



Matrices of the form | j. In this case e(— 7ri*u + lr yv) = e(—iri t vZ 1 v) 



and det(7^ + 8) 



detZ 



We also have that v = DZ~ x v, Z' = -DZ^D and Mfc] 1 



-Z)-^ 2 , M[c] 2 = Dc 1 . The relation (§) in this case becomes 



< 



c 1 + D m 



(v, Z) ; m € 7L D >= e(-iri l vZ L v) 



detZ, 



e(2^ t c i ^)(^-)-2 C M < 



-D- l c 2 + D^n 
Dc 1 



As in B , we apply Fourier transform. Write 9 



c 1 + D 1 m 



(v , Z ) ; n e Zd > 



(v, Z) = £ Aez9 fW where 



f(x) := e (7ri*(a; + c 1 + D~ 1 m)Z(x + c 1 + D~ x m) + 2ni t (v + c 2 )(x + c 1 + Z) _1 m)). Let f(x) := 

c 1 + D~ l m 



L g f(x) e(2iri t xX) dx. We then have that 9 



■ Z) = EA« fl / ( A). Using 



Lemma 5.8 of Ch. II in Q, we get by substituting x = (x + c 1 + D 1 m) that 

/(A) = e(-27ri*(c 1 + -D" 1 m)A) (det-)~2 e(— 7ri*(v + c 2 + A)Z _1 (u + c 2 + A)). 



We therefore get that 



c 1 + D m 



rv 

(v,Z) = e(-m\v + c 2 )Z~ l {v + c 2 )) (det-)~2 



53 e(-2vrii*(c 1 + D^mjA - 2vri*(?j + c^Z^A - vri *AZ -1 A). 

AGZ9 

Observe now that by substituting — A = Dk + n with n £ "Lp, we can rewrite the sum as 
53 e(-27ri*(c 1 + D- 1 m)X - 2ni\v + c 2 )Z _1 A - vri *AZ _1 A) = 

53 5Z e(27ri*(c 1 + Z)- 1 m)(L>fc + n) + 2vri *(v + c 2 )^ 1 ^ + n) - m\Dk + n)Z- x (Dk + ri) 



AGZ9 
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Using straight forward calculation, one finally deduces that 



c + D m 



Z i 

(v, Z) = e(-m l vZ- x v) (det e (2vri t c 1 c 2 ) 

i 



e{2TTi t mD- l n)9 



-D- l c 2 + D~ x n 
Dc 1 



(v,Z). 



The matrix Cm we are asking for has m,n entry equal to (|j) _2 ~ e(2ni t mD^ 1 n). Let 
d := det-D. The matrix A = (a mr! ,)m,nez D with a mn := e(2iri t mD~ 1 n) has determinant 
det A = Cid^ . One way to see this is the following. Denote by C[Z^.] the C-vector space of 
dimension di "corresponding" to the finite group Z^. . Fix the natural base < m, m € Z^ > on 
that vector space. Define the map fa : CfZ^J — ► C[Z,iJ by fa{m) := J2nez d e(27rind~ 1 m)n. 

Let Ci be the matrix corresponding to fa. Then detCj = dd? , where £4 is 4-th root of 
unity. Indeed, it is easy to see that det(C 2 ) = ±df\ Observe now that the matrix A is 
the matrix corresponding to the tensor product of the maps fa and so, its determinant is 



det A = det Of 1 • • • det C 9 ? = ( 4 d* . 

To conclude this case, observe that (4-~ 



(sd 2 • Therefore det Cm = Cs 



Matrices in G 1 ^ 1 . Let M 6 G 1 ^. Then M corresponds to an isomorphism ip : X z i / K z i — > 
Xz /Az which is a lift of an isomorphism of ppav. In this case the usual theta transformation 
formula holds, see Ch. 8, &6 in f§. Let a = c+Zw l , c € ±A(iI), w l = D^wi £ D _1 Zr>. 
We have the following, see Ch. 8, & 4 and & 6 in 

1. vp*0 a (v,Z) = C(Z,M,a) 6 M ^(v\z'). 

2. C(Z,M,a) =C(Z,M,0) e(iriE(M[0], A^a)). 

3. C(Z,M,0) = k(M) e(vri*M[0] 1 M[0] 2 ) det(-fZ + 5)~^ , where k(M) is an 8-th root of 
unity. 

Note that Mfa] 1 = Mfc] 1 + 5w l and M[a] 2 = M[c] 2 — (5w l . Using the above formulas and 



the formulas in Section L5 we get 

e(-7ri t c 2 w 1 )^*e c Zwl {v, Z) = C{Z, M, 0) e(iriE(M[0] t A' 1 a)) 

e{-^\5w 1 )M[c] 2 +TTi t M[c] l {-(iw l ) + TTi t {5w 1 ){-(iw 1 )) 6^f wl (v' ,Z'). 

We have 



MfO] 1 = ip7**)o, 



M[0] 2 = -(a'/?) 
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(A^a) 1 = die 1 +W 1 )- 7c 2 , (A^a) 2 = -^(c 1 + w 1 ) + ac 2 

Mic] 1 = 5c 1 - 1C 2 + y( 7 ^)o, M[c} 2 = -(3c l +ac 2 + i(a*0)o. 

We then get 

^ D - ltt >,^ = A<AOe(7riA0(^^ 

where fc = *Af[0] 1 M [0] 2 + ^[Oj^-^c 1 + ac 2 ) - *M[0] 2 (oc 1 - 7c 2 ) and A = -^[O] 1 /? - 
*M[0] 2 <5 - *M[c] 2 <5 - 'Mfc] 1 /? + t c 2 . Observe now that k G -fa-l? and A G |Z». 

Note that when 7 G M g (Z) i.e. T = LTi for some integral matrix Ti, we have that A acts 
as a permutation on Zd. Indeed, the relation A.D*^4 — TD t B = D implies A(D t AD^ 1 ) = 
I + T(D t BD- 1 ) i.e. A^AD" 1 ) = / + DTx (D t BD~ l ) and so, AAi = I + DM for some 
integral matrices A±,M. This implies that A induces an epimorphism on the group Zjj and 
therefore an automorphism. 

Therefore the matrix Cm of the proposition is going to have in the wi, Au^-entry the 
value k{M)e{irik)e{iri\D~ l wi)e(—iri t wi t A.D~ 1 Bwi) and any other entry zero. We have 

Wl ez D i=\ a% Wl & D i=i ° l a * z 



The sum which appears above belongs to 7Z and so, the product is a Cs- Also, the matrix 
t AD~ 1 B is symmetric and let a^- = -^-,<Hj G Z its zj-entry. Then 

•< * a n-i r \ ( -s^au ^{di ~ l)(2dj - 1) v- a*j - - 1) 
e(m wi AD Bci) = e I 2^ — d g 1-2 2^ 4 

tfiGZj, Y i=l * ' l<i<j<g 1 

The sums which appear above belong to ^Z and so, the product is a £4, except when 3|d g 
and (d g _i,3) = 1, in which case it belongs to |z and the product is a Ci2- To conclude, we 
have that det Cm = Cs> except when 3\d g and (<i s _i,3) = 1, in which case detC = C24 

□ 



For the case now of a totally symmetric bunlde, note first that in Lemma 1.1, if L(Hz, Xo) 
is of characteristic c = 0, then ip*L(Hz,Xo) is again of characteristic 0. Indeed, in the case 
of an "even" polarization, we have always that xo = 1 an d so, ip*Xo = 1 = Xo- 



Proposition 1.2 Keeping the notation of Proposition 1.1, we assume in addition that the 



characteristic c = 0, C is totally symmetric and that g > 3. We then have that the matrix 



13 



C with ip*B z = CB Z is of the form C = (detfrZ + 5))'* C M , where C M 

is a matrix 

depending on M with det Cm = lj except when 3\d g and (d g _i,3) = 1 in which case we have 
det C M = C3- 



Proof. The proof is a modification of the proof of Proposition |L1 

' — D 
D- 1 

d di 



At the end of the paragraph "Matrices of the form ( ri _ 1 n J": For g > 3 the 



number £ is a multiple of 4 and so, det * = d- 2 . Therefore det A = dz . Also, for g > 3 
we have = d~2 Therefore, det Cm = 1. 

At the end of the paragraph "Matrices in G^f " : The first sum is an even integer and 
so, the first product is 1. For the second sum, if g > 3 the right summand is an even integer. 
For the left summand we have that it is an even integer except when 3\d g and (cL-i,3) = 1 
in which case it belongs to |Z. Therefore for the second product we have that it is 1, except 
when 3\d g and (d g -\, 3) = 1, in which case it is £3. We also claim that sgn(A) = 1, where by 
sgn(A) we denote the sign of the permutation of Zd defined by the action of A. 

Indeed, let di = 2 k 'mi with 1 < k\ < k^, < . . . < k g and mi|rrt2| • • • \m g odd integers. 
Define Z ev := Z 2 k 1 © • • • © Z 2 k g a group of order n cv = 2 fel+ '" fc s and Z D dd := Z mi © • • • ffi Z mg a 
group of order n D dd = Wi • • • m g . Then Zj) = Z cv ffiZ dd- Let cp : Zd — ► Zd an automorphism. 
Then 4>(Z ev ) = Z ev and 4>{Z odd ) = Z odd . Indeed, Z ev = {x G Z D with 2 k sx = 0} and 
^odd = { x € Zrj with m g x = 0}. Both those relations are invariant under eft. Let therefore 
(j) ev be the restriction of <f> to Z cv and 4>odd the restriction of <ft to Z Q dd- If we interpret <j> as 
a linear automorphism of the vector space C[Z^)] then <f> = 4> ev o dd- By using the formula 
for the determinant of the tensor product of operators, we get sgn</> = sgn</>g° dd sgn</>™^. 
Therefore, since n ev is an even number, it is enough to prove the result for Zr> = Z cv . 

Let now E be the matrix which corresponds to the automorphism (p ev . We call elementary 
transformations of Z ev those which correspond to left or right multiplication by a matrix of 
one of the following forms: 1 in the diagonal and au € Z in some ij-entry if j > i (and zero 
every where else) or 1 in the diagonal and 2 ki ~ k iaij, aij G Z, in some ij-entry if j > i (and 
zero every where else). Note that both those types of matrices induce automorphisms of Z ev . 
We then claim that by multiplying the matrix E = (eij) with the above type of matrices we 
can derive a matrix with all the elements of the last row, except the diagonal one, to be zero 
mod2 fcs and the i-th element of the last column, with 1 < i < g, to be zero mod2 fci . Indeed, 
we can first assume that e gg is an odd integer: the determinant of E must be an odd number 
in order E to define an automorphism and so, some of the elements of the last row must 
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be odd. If e gg is even, let e g j , jo < g be the odd element. But then using an elementary 
transformation we can add the jo-th. column to the last column and so the g^-entry becomes 
odd. Since D~ l ED is an integral matrix we have that e g j = 2 k9 ~ k ^m g j, m g j G Z. But now 
the equation 2 kg ~ k ^e gg x = —2 kg ~ k im g j mod2 fcfl has a solution and therefore by multipling the 
matrix E on the right by the elementary matrix with 2 kg ~ k ^x in the gj-entry, we get that the 
gj-entry of the product is zero mod2 fcfl . By a similar argument, by multiplying on the left by 
an elementary matrix with x in the ig-entry, where x is the solution of c gg x = —Ci g mod2 fci , 
we get that the ig-entry of the product is zero mod2 fci . 

A matrix like the one we produced, corresponds to an even permutation of Z ev . Indeed, 
by writing Z ev as a direct sum of two groups, the second of which is the Z 2 k g , the action 
is a direct sum of actions. Then, by applying the formula for the signatures stated above, 
we get that the signature of the permutation is one, since both groups are of even order. A 
similar argument gives that the action which is given by the elementary matrices induces an 
even permutation (here we have to use the hypothesis that g > 3). We therefore get that the 
permutation given by <f> ev is an even one. This concludes the proof of the proposition. 

□ 

2 Abelian fibrations. 

Everything we have stated which holds for a fixed abelian variety X = V/A, can be transferred 
easily to hold for a fibration X — > U of abelian varieties of type D, with the base U to be a 
simply connected Stein manifold (such as t) 5 ). In this case, the universal covering X of X will 
take the place of V and the homotopy group tti(X) will take the place of A. For the universal 
abelian fibration f un : Xd — ► t) g we have by construction, see Section [O], that iti(Xd) = Ad 
and X D = C 29 x f) ff . On X D we have a line bundle corresponding to the (holomorphic) classical 
factor of automorphy e : A^x (C 9 xl) g ) — > C x given by e(Z; v, Z) = e(—7ri t \ 1 Z\ 1 —2Tri t v\ 1 ), 
where A 1 denotes the first g components of /. We denote by Cx the above line bundle. 

2.1 Canonical form of line bundles on abelian fibrations. 

Let f : X — ► B be a fibration of abelian varieties with a symmetric line bundle C on 
X, trivialized along the zero section, which defines a polarization of type D on each fiber. 
We denote by s : B — > X its zero section and let S := s(B). We cover S by open 
analytic (connected) sets V a of X. The sets U a := s*V a define an open covering of B. Let 
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(U a , Af, . . . , Afg) be a choice of a symplectic base on the fibers of the restriction of the abelian 



•ab 



fibration over U a . For each a, b with U ab ^ 0, there is a matrix M ab = ( ab ^ ab ] G G^i 



7 



relating the two symplectic bases as in Section 1.6. Let X a be the preimage of U a under f. 
We then have a period map p a : U a — ► f) 5 such that the diagram 

j£a IX C 9 X tf g 



X a — ^-«- X D (3) 



is a diagram of fiber products, where X a denotes the universal cover of X a . We put Z a (s) := 
p a (s), s G U a . Having chosen the period map p a , we can identify X a with C 9 x p a {U a ) and 
vri(X a ) with A D . We write (vri(X a ), X°) ^ (A D , <C 9 x p a (^ a )) to denote this identification. 
We now "complete" V a to an open cover X a = UiV? of X a s.t. Vf D S = for all ^ a ^ V a 

~ Pa 

and such that each has an isomorphic lift in the universal cover X a = C 9 x p a (U a ). 
We can also assume that the intersection of any two of those open sets is simply connected. 
Consider the induced diagram 



X ab — 7Ta(X 



ab\ < Pab 



ir b (X 



ab \ 



"b 



u 



ab Pa , 



o a (U ab )^ b p b (U 



fun 

ab\ 



Pb 



X 



u° 



ab 



(4) 



We denote by [i ab the map which sends Z \— > M ab (Z) and by 4> ab the map induced by the 
action of M ab on the universal abelian variety X (fiberwise is the map 4>{M) of Section 1.6). 
We have that ir b = 4> ab ir a and p b = fJ, a b Pa- 
Note that a symmetric line bundle L(H, x) has always characteristic c G ^A(H) w.r.t. 
any decomposition of H. Indeed, that L(H,x) is symmetric is equivalent to x(A) = ±1 for 
all A G A. The claim is a consequence of the definition of xity- The restriction of C on the 
fibers over U a is then of characteristic c a = Z a (s)c^ + c„, where (c„,c^) G \{I)~ X 7L 9 ® Z 9 ), 
w.r.t. the decomposition defined by the choice of the symplectic base. Note that when C is 
totally symmetric the characteristic is going to be 0. 
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Define the line bundles C a := ir*T* a £x on X a . Note that in the totally symmetric case, we 
have that C a := vr*£ s . Then C a = C\x a because the restriction on the fibers have the same 

Pa 

type and characteristic and U a is an open analytic set. Via the identification (7Ti(X a ), X a ) = 
(A/), C 9 x p a (U a )), the line bundle C a corresponds to the factor of automorphy e a : Ad x 
(C 9 x U a ) — ► C x , where e a = e a (X a , v a , Z a (s)) is the classical factor of automorphy of 
characteristic c a . 

On X ab we have C\ X ab = irlT* b C x — 7r a4 > a b('^c b J ~-x\ 7 T b (x ab )) ■ On the other hand, C\ X ab = 
7r*T* a C x - We therefore have that (f>* b (T£ b Cx\ir b (x ab )) — T* a £x\ na rx ab )- Note that when we fix 
the identification (vri(X ab ), X ah ) ^ (A D , C 9 x p a {U ab )), the line bundle C a \ X ab corresponds 
to the factor of automorphy e a while the line bundle £b\x ab corresponds to the factor of 
automorphy 4>* ab e-b- 



By Lemma p.. 1|, we have that <fi ab eb\A D xc9x Pa (u ab ) = ^^xcaxpaiu^h • In otner words 
we have that 

Kbtb = e a * h ab on (vn(X afe ), X ab ) § (A D , C 9 x p a (U ab )), 

where h ab (v a , Z a (s)) = e(-iri t v a (-y ab Z a (s) + 5 ab )~ l -i ab v a ). Note that v b = 1 {~f Z a (s) + 5)- 1 v a 

and Z b (s) = {aZ a (s) + (3){jZ a (s) + 6)" 1 . 

We glue now all the line bundles (C a ,X a ) together to get on X a line bundle £ can which 

restricts to the trivial bundle on the zero section of the fibration, in the following way: 

Fix a trivialization = e a (A?-, wf, Z a {s)) of C a on X a (resp. g b kl = e b (X b kl , w b k , Z b (s)) of 

~ Pa 

Ch on X ), by choosing lifts W 9 of the open sets Vf 1 in the universal cover X a = C 9 x p a {U a ) 

Pb 

(resp. lifts W& of V k b in the universal cover X b = C 9 x p b (U b ) ). We then have a canonical 
isomorphism C a |Ji(^ a xC)/~ (resp. £ fe ^> LUC^ 6 x c )/ 

~ ) , see Section |Q| . 



Let now ^ a b • £a|x ai) — ^ £a\x ab be the canonical isomorphism defined in Section |1.7| 
corresponding to 4> a h^b = e a * h ab . We construct an explicit isomorphism tp ab which makes 
the following diagram commutative: 

r I ^ab p I 

L, a \X ab '-b\X ab 

(5) 

\Jy? x c)/ a | xaft |j(^ x c)/ A 

Such an isomorphism is given by (xf(s) = x, zf) i— > (x|(s) = x, 2^ = iptk( x ) z i)i where the 
V4 b 's satisfy the relation ^f(x) e a (A?-, iof (x), Z a (s)) = e b (A^, w£(x), Z b (s)) ^f|(x) and the 



cocycle conditions i/jfj? = 1, V^/? V'fcs V'sf = 1 ( we follow here the notation of Section |1.7|) . 
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Let irf : Wf — ► Vf" denote the canonical maps. For each Vg := V? n V k b + 0, we have 
that ) C Wf is a lift of V t f in the universal cover X ab ^ C 9 xp a (U ab ). We also have 

that 4> a ^\ _1 (^f) is a lift of in the same universal cover, where a 6 is the map induced 
by 4>ab on the level of universal coverings (i.e. is the analytic representation of 4> a b)- There 
exists therefore an element /j,f k of such that (j>^w b k (x) = nil + w i( x ) for a11 x G V ik- 

We now define 

=e a Wtw?(x),Z a (s)) h ab (rJ{w b k {x)\Z%s)y l . 

It is a straight forward calculation to verify that those make the above diagram to commute 
and satisfy the required relations for automorphisms. 

We define £ can := UaM x C)/~, where (x?,z?) ~ (x b ,z b ) iff 

T a _ b H 14 = fife z f if a = & 

Note that those satisfy the cocycle relation for transition functions. We also have that the 
restriction of £ can to the zero section S is trivial. Indeed, for x G U * n <S, we have that 



w 



w a (x), w b := w b (x) G Ad and u; 6 := <j) a ^{w b {x)) G A^. Using the defining properties 
of the factors of automorphy and the definition of h , we get that e a (fi ab ,w a (x),Z a (s)) = 
e a (w b , 0, Z a {s)) e a {w a , 0, Z^s))" 1 and h<*(i/) 6 , Z a (a))- 1 = e b (u; fe , 0, e a (u; fe , 0, Z^a))" 1 . 

We conclude that for s G S, we have ^ afe (s) = ^fy, where / a : C/ a — > C x is the holomorphic 
function given by f a (s) = e(w a ,0,Z a (s))~ 1 . 

Finally observe that C = £ C an- Indeed, they both restrict to isomorphic line bundles on 
the fibers (since they are both of type D and have the same characteristic) and they are both 
trivial along the zero section. The see-saw principle implies that they are isomorphic. 

2.2 Proof of Theorems A and B. 

It suffices to prove the theorem for the line bundle C : — -Ccan constructed in the previ- 
ous section. The functions 9 ° a 9 U 

the classical factor of automorphy e a : Ko x C 9 x \) g — ► C x of characteristic c a . The 
line bundle T* a Cx\^ a (x a ) corresponds by construction to the classical factor of automor- 
phy e a . Let a" denote the section of T* a Cx\-K a (x a ) corresponding to the theta function 
c 1 + D~ 1 n 

(v a ,Z a (s)). Then a°\ := 7t*(t" is the section of C a corresponding to the 



(v a , Z a (s)), n G Zd, are theta functions for 



c 2 



Pa 



same theta function by identifying (vri(A" a ), X a ) =■ (A D , C x p a {U a )). 
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ab\ 



In the following, fix the identification (tti(X 
tion 4 > ab(&rn\-K b (x ab )) ^ s a section of the line bundle 



X ah ) i (A D , C 9 x p a (U ab )). The sec- 
#^ T c* AeUpf" 6 )) corresponding to the 



theta function 



J ab' 



d + D- 1 



m 



(v b , Z b (s)) w.r.t. the factor of automorphy $>* ah Cb- We 



therefore get that the section vr*(0* b cj b 



mW b (X ab )) 



7T b\ CF m\TT b (X ab ) J 



a m\x ab 1S a section of 
-> jCfej^ab be the canon- 
ical isomorphism defined in Section Ell. Then ^ab a m(. s ) corresponds to the theta function 



Cb\x ab corresponding to the same theta function. Let & a b : £ a \x a 



h ab {v a ,Z a (s)) (j)* a 



ah ' 



cl + D- 1 



c b 



{v , Z (s)), see Section 1.7 



The set B a :=< c", n G Zd > is a set of sections of £ a which restricts to a base of sections 
of H°(X s ,C a \ Xs ) for every s G £/ a6 , see Section [D| The set ^ :=< 3>* b cr^,m G Z D > is 
also a set of sections of C a \x ab which restricts to a base of sections of H°(X S , £ a \x s ) for every 
s G U ab . There exists then a matrix C ab (s) of complex functions U ab — > C x such that 
B' b = C ab {s) B a . Expressing this relation in terms of theta functions, it becomes 



h ab (v a ,Z a (s))<r ab t 



cl + D- 1 



m 



c b 



C ab (s) 



< 



cl + D- 



n 



(v b ,Z b (s)), meZ D > 
(v a ,Z a (s)), n G TLd > . 



By using Proposition |0] and relation (^) in the proof of that proposition, we conclude 
that C ab (s) = e(7ri*M[c] 1 M[c] 2 - ni t c 1 c 2 )(det(-f ab Z a (s) + 5 ab ))^ C^ ab and so, detC afe (s) = 
Cs(det(7 ab Z a (s) + 5 ab )p, except when 3\d g and gcd{3, d g -i) = 1, in which case we have that 



det C ab (s) = ( 2 4(det(-f ab Z a (s)+5 ab ))2. 

By the construction of the line bundle C := C caXi we have canonical isomorphisms i a : 
£\x ab ~^ £-a\x ab which make the following diagram commutative 



c a \ 



-b\X ab 





(6) 



ft 



x a 



The set £>f :=< i*cr^,n G Zd > is a set of sections of C\x a which restricts to a base of 
sections of H°(X S , C\x s ) for every s G U a . Similarly, the set B b :=< i\(j b w m £ > is a 
set of sections of C\x b which restricts to a base of sections of H°(X S , C\x a ) for every s G U b . 
According now to the above Diagram @, we have on X ab = i~ l (U ab ) that B b = C ab (s) B^, 
where C ab {s) is the above defined matrix. To conclude, we have proven 
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Lemma 2.1 Let f : X — ► B be a fibration of abelian varieties of relative dimension g 
and C the above constructed symmetric (resp. totally symmetric and g > 3) line bundle on 
X . Fix the trivialization {U a } of B defined in Section \2. J . Then the transition functions 
of the line bundle detf*£ are given by g°^(s) = Cs(det(7 afc Z a (s) + 5 ab ))i (resp. g'cis) = 
(det (j ab Z a (s) + 5 ab ))2 ), except when 3\d g and gcd(3,d g -\) = 1, in which case we have that 
they are given by gf(s) = C2A(det{-f ab Z a (s)+5 ab ))^ (resp. gf(s) = C 3 (det(7 ai ' Z a (s)+5 ab ))i ). 

To proceed a little further we state the following lemma 

Lemma 2.2 Let f : X — ► B be a fibration of abelian varieties and s : B — > X its zero 
section. Let £lx/B denote the relative cotangent bundle. Then £lx/B — t*E, where E = 
s*Q.x/b * s the vector bundle on B defined by the transition matrices gjj? := ( , y ab Z a (s) + <5 afe ) -1 . 
In particular for the relative dualizing sheaf ofi we have that ojx/b — where fi = s*ujx/b 
is the line bundle on B defined by the transition functions (s) = det(7 ab Z a (s) + <5 

Proof. Let {U a } a <=A be an open covering of B and < U a , Af(s), . . . , AS^s) > a choice of a 
symplectic base on the fibers of X a := f~ l {U a ), as in Section |2.1| . Let Z a (s) be the period 
matrix of X" defined by < Af (s), . . . , X g (s) >=< X g+1 (s), . . . , Af ff (s) > Z a (s). A D acts on 
C 9 xU a by n(v,s) := (v + jz a (s)( n )^ s )> where jz a ( s )( n ) ■=Z a (s)n 1 + n 2 (where n = (n^n 2 )), 
see Section |1,6| . There is a canonical isomorphism <p a : X a — > (C 9 x U a ) / Ad (fibered over U a ) 
defined on the level of universal coverings by sending cf) a (\ a g+i ) = (e^, s) € C 9 xU a , i = l,...,g, 
where < e±, . . . , e g > is the standard base of C 9 . Let < z%, . . . , z g > denote the standard 
coordinates of C 9 . Then dzi is the dual to ej. Let zf := 4>a( z i X id). Then < dzf, . . . , dz g > 
defines at each point of X a a base of sections of the fiber of £Ix/b\x°- and dzf A ... A dz g 
defines a (nowhere zero) section of uj x /b \x a ■ This is because dz\ A ... A dz g defines a (nowhere 
zero) section of the relative dualizing sheaf of the fibration (C 9 x U a )/ hp — ► U a . 
We have that < \\, . . . , A| ff > = < Af , . . . , \% g > t M ab . Therefore 

< ^3+1 > • • • ! ^2g > = < A", . . . , \°i g > ^ t ^ ab 

< A« +1 , ...,X%> (Z a (s), I) ( t ] ah J = < \ a g+1 , . . . , A| s > *( 7 ab ^( S ) + 5 ab ). 
By taking dual bases we have that 

< dz\, ...,dz b > = < dzf, ...,dz a g > ( 7 ab Z a {s) + 5 ab )- 1 
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and so, 



dz\ A ... A d,Zg = det(~f ab Z a (s) + S^)' 1 dz® A ... A dz a g . 



This proves the lemma. 

□ 

The proof of Theorems [A| and ^ is a consequence of Lemma 2.1 and Lemma 2.2, 
2.3 The Jacobian fibration - Proof of Theorem C. 

We apply now the above considerations to the Jacobian fibration f : J — ► -M- g , where J 
denotes the universal Jacobian parametrizing line bundles of degree zero on the fibers of 
the universal curve ip : C — ► A4 g over the moduli space A4 g of smooth, irreducible curves 
of genus g > 3 without automorphisms. The Picard group of A4 g is generated by a line 
bundle A which is defined to be the determinant of the Hodge bundle of the map tp i.e. 
A := detip*u c / Mg , see g]. 

On the Jacobian fibration J~, there is a totally symmetric line bundle C which restricts 
to a line bundle of class 29 on the fibers and it is trivial along the zero section. It is defined 
as the pull back of the Poincare bundle under the natural map. By Theorem [B|, we get that 

Corollary 2.1 Let C denote the above canonical line bundle on J . Then 

detf*(£® n ) -i^det^ofcMV 



Remark 2.1 One can also prove the above Corollary |2.1| by using the Theorem 5.1 in ||. 
For the case of the universal Jacobian, we can ged rid from the torsion factor which appears 
in that theorem, by using the fact that the Picard group of M. g is generated by det ip*Uc/M > 
see @. 

Let f g _i : J 9 ~ l — > M. g be the Jacobian fibration of degree g — 1. We use the following 
result from 0, ||. Let a : Ai g — ► A4 g denote the covering of even theta characteristics in 
J 9 ~ x . It is a covering of degree 2 9_1 (2 9 + 1). The theta divisor O in J 9 ^ 1 intersects A4 g 
transversely and the (set theoretic) intersection projects birationally via a to a divisor in A4 g 
which has class 2 9 ~ s (2 9 + l)ci(A). On the other hand the generic point of the intersection 
corresponds to a line bundle with two sections. By the description of the singularities of the 



21 



theta divisor, we have that on such a point the theta divisor has a singularity of multiplicity 
2. We therefore have that the push- forward via a of the (scheme theoretic) intersection of 
with M g is a divisor of class 2 9 ~ 2 (2 9 + 1) ci(A). 
We use the following commutative diagram. 

J J * J 9 " 1 — J*" 1 



f 




M 9 « a - M 9 a - M g 

In the above diagram we denote by J and J 9 ~ l the pull back of J and J 9 ^ 1 on A4 g . By 
(j) we denote the map which sends the line bundle L € J sitting over the point [C, rj] £ A4 g 
to the line bundle L® 2 <g> rj E J 9 ' 1 . The map 4> is etale of degree 2 2g . Let s : A4 g — ► J 
denote the zero section and let a : A4 g — > J 9 ~ l denote the section which sends [C, rf\ h- > rj. 
We have that <j)s = a. 

Let Q be the line bundle corresponding to the theta divisor on J 9 ^ 1 . Then = 5*Q 
and so, a*ci(f s _i *0® n ) = 2 9 - 1 {2 9 + l)ci(f g _i *0® n ). Let A be the determinant of the Hodge 
bundle of the fibration f. Then A = a* A and so a*ci(A) = 2 9 ~ 1 (2 5 + l)ci(A). Prom the things 
we stated above, we have that if jl := a*& then a*ci(/2) = 2 9 ~ 2 {2 9 + l)ci(A). Let C be the 
canonical line bundle on J of Corollary |2.1| . Then C = 7*£. 

One can see that ci(f*</>*0® n ) = 2 29 ci(f 9 _i *0' x,n ). A proof can be given by applying the 
GRR theorem. One can also see that the restriction of </>*© on a fiber of the map f is equal 
to the restriction of C® 2 on the same fiber. This can be seen by using Proposition 3.5 of 
Ch. 2 in |Q] and the Riemann's constant theorem. Therefore, by the see-saw principle, the 
line bundles C® 2 and cp*Q are isomorphic up to tensor by a line bundle which is pull back of 
a line bundle from M g . Since s*C® 2 = O and s*cp*@ = jl, we have that 

l® 2n (8) i*jj® n ^ 4>*&® n . 

By applying f* and taking ci we have that 

Cl (lC mn ) + (4n) 9 nci(/2) = 2 29 c l (i g - 1 *0® n ). 

Apply now a* to get 

-2 9 - 1 (2n) 9 2 9 ~ 1 {2 9 + l)ci(A) + (4n) 9 n 2 9 ~ 2 (2 9 + l)ci(A) = 2 2g 2 9 ~ l {2 9 + l)ci(f fl _i ,0® n ). 
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Therefore 

Cl (f fl _i,e®") = in*(n-l)ci(A). 

By using the fact that the PicM g is generated by A, see Q, this concludes the proof of the 
Theorem |B]. 

2.4 Alternative proof of Theorem C. 

We give now the alternative proof of Theorem ^ promised in the introduction. This is an 
application of the GRR theorem, see also Appendice 2 in || for a similar calculation. We keep 
the notation of the above section 2^ . In the above Diagram |?] let 4> be the map which sends 



the line bundle L € J sitting over the point [C, rj\ € M. g to the line bundle L®r) G J 9 . By 
Lemma 2fl we have that Qj/M ~ ^*^*^ j/m anc ^ smce is an isomorphism, we get that 



We proceed now to the proof of Theorem 0: We apply GRR to the fibration L_i : 
jfl-i — ► It is 



We get that 



ch(f fl _! ,(e°»)) = f,_! *(ch(G®") • td(^ g _ v ^)). 



ci(/ g -i „e®») = JL—z^ce) - yCl (A). 



The vanishing of the terms on the right hand side containing the "factor" c\ k with k < g — 1 
in the expansion of ch(Q®"), is a consequence of the projection formula and the fact that 
^J 3 ~ 1 /M ~ ^5-1-^' w ^ere E 1 is a vector bundle, see Lemma 2^. The form of the term 



containing the "factor" c\ 9 ~ 1 is due to the Poincare formula. The appearance of A is a 
consequence of Corollary |2.1| . 

Lets say now that ci(f fl _i ^G®" - ) = a(n)ci(A) and that f*ci s+1 (G) = 6ci(A), where 
a{n),b e Z, see @]. Then ci(f 9 _i*Q® n ) = o(n)ci(A) and f*ci» +1 (G) = 6ci(A). We get 
a{n) = jfpryb - ^f. For n = 1 the above gives that b = (g + l)!(a(l) + ~). Now a(l) = 0, 
because the line bundle f 9 _i *Q has by definition a nowhere zero section, so it is the trivial 
bunlde. We then get b = and so, a{t g -i *G® n ) = \n 9 {n - l)ci(A). 
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